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Abstract. The usual method to obtain fluorescence
anisotropy decay parameters from frequency domain
measurements is to determine the phase angle dif-
ference between the perpendicular and parallel com-
ponents of the polarized emission and the ratio of
their modulated amplitudes (“differential method™).
Here, an alternative method is introduced analogous
to a time-resolved study of the fluorescence anisot-
ropy (“Sine-Cosine Transform method”), in which
the intensity difference is studied in the frequency
domain. It is shown that the differential method is
better at low steady-state fluorescence anisotropy,
while the Sine-Cosine Transform method is prefer-
able at high anisotropy values and even more pref-
erable, if the probe rotation is strongly anisotropic
or hindered, giving rise to multiple rotational diffu-
sion phenomena.

Key words: Fluorescence anisotropy, phase fluorom-
etry

Introduction

Phase fluorometry studies of polarized fluorescence
can be used to determine rotational characteristics
of molecules in isotropic solvents and lipid mem-
branes (Weber 1978). Mantulin and Weber (1977)
have shown that the in-plane and out-of-plane rota-
tional rates for perylene in propylene glycol are dif-
ferent. Lakowicz and Prendergast (1978) have pro-
vided evidence for a hindrance of the diphenylhexa-
triene rotation in lipid bilayers. In both studies dif-
ferential phase fluorometry was used at two modula-
tion frequencies, 10 and 30 MHz.
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Recently, the potential of the technique has in-
creased enormously, since continuously variable fre-
quency phase and modulation fluorometers have be-
come available (Gratton and Limkeman 1983;
Jameson et al. 1984). Gratton and coworkers have
shown that this advanced instrumentation permits
measurements with high precision of rotational cor-
relation times in the nanosecond time range and that
it is feasible to distinguish between sophisticated
rotator models with one or more exponential terms
(Lakowicz et al. 1985). They employed an extension
of a method introduced by Weber (1977), in which
they measured not only the phase-angle difference
between the perpendicular and parallel polarized
components of the modulated emission, but also
the corresponding modulation ratio (Lakowicz et al.
1985). In the present paper we will call this ap-
proach “the differential method”. Here, we intro-
duce an alternative method in which the phase and
modulation of the parallel and perpendicular com-
ponents of the modulated emission are measured.
From these phases and modulations the sine and
cosine transform of the intensity-difference is con-
structed. This analysis is analogous to studying time-
resolved fluorescence anisotropy in the time domain
using excitation with short flashes, because there the
intensity difference between the parallel and per-
pendicular components is studied as well (Wahl
1969). We will call our approach the “Sine-Cosine
Transform method”.

It is the purpose of this paper to outline the
theory of polarized phase modulation fluorescence,
to introduce our “Sine-Cosine Transform method”
for studying rotation and orientation and to compare
it with the “differential method”.

Principles of polarized phase-modulation fluorescence

The exciting light 1s modulated sinusoidally at high
frequencies, typically in the megahertz range. The
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fluorescence will then also be modulated sinusoidal-
ly at the same frequency, but will be delayed by a
phase-angle, @, due to the finite persistance of the
excited state. Additionally, the modulation of the
fluorescence M will be less than that of the exciting
light. The parallel and perpendicular components of
the modulated emission, I} and 7 , have phase-
angles @) and &, and modulations m and m
respectively. A pictorial representation of the vari-
ous phase-angles and demodulation factors can be
conveniently given in the case of an optimal modula-
tion, where the intensity of the exciting light E (¢) is
proportional to

E(wt)~1+sinwt, (1)

where @ equals 2 7 times the modulation frequency
and ¢ denotes the time. Figure 1 shows the excitation

Table 1

(E) and the paraliel (|) and perpendicular (1) com-
ponents of the modulated emission as a function of
time, also the total intensity (T'), Ir=1j+21, with
@7 and mr and the intensity difference (D) Ip=
I} — I, with @ and mp are shown.

Note that the phase of the difference &p is not
equal to the phase-angle difference, 4. Figure 1 also
serves to define the “differential method” and the
“Sine-Cosine Transform method”. In the differential
method 4 =&, ~ @ and m|/m, is measured after
measuring @7 and mr, which are necessary for in-
formation on lifetimes. In the Sine-Cosine Trans-
form method @, and mp and also @7 and mr are
calculated from the measured @, @, m|, m, and
the steady-state fluorescence anisotropy, #;.

For a further explanation of the two approaches
we refer to Fig. 2 and Table 1. Here the 4 successive

Method Sample Reference

measurement

measurement

Sample
measurement

Reference
measurement

D (differential) Cuvette contains

Cuvette contains

Cuvette contains

Cuvette contains

fluorescent sample scatterer * fluorescent sample fluorescent sample
o =54.7° o =54.7° o =90° o =0°

phase = @y + @ phase = @ phase** =@ + @&’ phase = @ |+ &’
mod. =mrM mod. =M mod. ** =m, M’ mod. =my M’

A (Sine-Cosine Cuvette contains

Transform) fluorescent sample scatterer *
o =0° o =0°
phase =&+ & phase = @
mod. =m M mod. = M

Cuvette contains

Cuvette contains Cuvette contains

fluorescent sample scatterer *

o =90° o =90°
phase** = @ + &’ phase = @’

mod. ** =m, M’ mod. = M’

* Scatterer = fluorescence-free solution of glycogen in distilled water
** In principle @’ should be equal to @ and M’ should equal M; in practice, however, these parameters may change due to

different instrument settings

n
T

intensity

Fig. 1. Schematic diagram of the excitation (E),
intensity difference (D), parallel component ()
of the total intensity (T') and perpendicular (L)

I 5ae<

time

in the case of optimal modulation. The fluores-
cence intensities are rescaled so that

Ip=1+mpsin(wt—&p),
Iy =1+m sin(wt—(DH),
Ir=1+mpsin(wt—P7) and
IN=1+m,sin(wt—d)).

The phases &, &, @p, Pr are indicated
together with the phase difference 4 =&, ~ @ ;
and the demodulation factors mp, my, mr
and m
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measurements necessary in both methods are shown
for a L-format fluorometer. The case of a T-format
fluorometer is analogous; in the latter the so-called
sample and reference measurement can be com-
bined in one measurement, so that one gets rid of
the “instrumental” phases and modulation factors
(see Table 1). The rotational rates and orientational
order parameters to be obtained from dynamic
polarization measurements cannot be evaluated
without determining the lifetime (s) of the excited
state. For this purpose, in the differential method
one first takes a measurement with the polarizer in
the emission set at the magic angle (« = 54.7°, see
Fig. 2) with respect to the vertical, so that the
emission is proportional to the total intensity
Ir=1y+21,. In this setting one reads the phase-
angle @7 plus an instrumental constant, ¢, and the
modulation, mr, times an instrument-dependent fac-
tor, M. Alternatively, one could obtain the same
results by removing the polarizer at the emission
and by setting the polarizer at the excitation at
35.3° with respect to the vertical.

This “instrumental phase”, @, and “instrumental
modulation”, M, are determined in the first refer-
ence measurement, in which the fluorescent sample
is replaced by a scatterer. Next, in the differential
method, using an L-format fluorometer, the phase-
difference 4 =@, —@; and the modulation ratio
my/m_ are obtained in two steps: First, the emission
polarizer is set horizontal, i.e. perpendicular to the
excitation polarizer (& =90°) and the phase-angle
@+ &’ and the modulation m; M’ are determined;
second, one measures @)+ @’ and m; M’ with the
emission polarizer in the vertical, i.e. parallel, orien-

tation, so that the instrumental @’ and M’ are
eliminated, in the difference and ratio of these
values respectively. Using the 7-format fluorometer,
the phase-angle difference is obtained when one
emission polarizer is rotated 90° from the parallel
to the perpendicular orientation. This phase differ-
ence is always measured relative to the second
photomultiplier, which always observes the phase of
the perpendicular emission. At the same time, the
modulation ratio can be obtained.

In the Sine-Cosine Transform method a mea-
surement of the phase and modulation is taken with
the emission polarizer set at o= 0° with respect to
the vertical. Thus one obtains @+ @ and m; M. The
instrumental phase @ and modulation M are deter-
mined in the first reference measurement where the
fluorescent sample is replaced by a fluorescence free
scatterer. Next, @, + @&’ and m, M’ are obtained
from a measurement with o= 90°. Finally, ¢’ and
M’ are measured, again with a scattering solution in
the cuvette. The phase &’ and modulation M’
should not depend on «. In practice, however, it may
be necessary to change the instrumental settings, so
that @’ may differ from @ and M’ may no longer be
equal to M. Thus, one measures &, @, m; and m, .
From these values one can calculate @7 and mr,
containing information on the lifetimes, and ®p and
mp, from which the orientation and rotations of the
fluorophore can be derived. In this calculation r,
the steady-state fluorescence anisotropy, is needed
as well and can be measured in the same instrument
with the modulation turned off (w = 0). The equa-
tions translating @;, m), ¢, and m, into @r, mr,
@p and mp are given in the next section.
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Theory

Consider two cuvettes, one containing fluorescent
molecules and the other containing a fluorescence-
free scattering solution. Both are illuminated simul-
taneously by light modulated sinusoidally at circular
frequency, w. The scattered intensity reflects the ex-
citing light, is similarly modulated and can be de-
scribed as being proportional to

E(wi) ~1+Mgsinwt, )

where My is the modulation of the scattered (or ex-
citing) light and  denotes the time. Equation (1) is a
special case of Eq. (2): in the former the modulation
was considered complete: Mz =1. In practice My is
smaller than unity. The modulated excitation can be
considered as a series of successive short flashes.
The fluorescence (from the other cuvette) at time ¢
can be calculated by summing all the responses to
those flashes preceding it. If 7(¢) is the fluorescence
response to a short exciting flash, the fluorescence
response to sinusoidally modulated excitation is
then proportional to

Fwt) ~

H t
~ [ I~y +Mgsinwtyde /| I(—r)dr
— 00

~ [ I(x)[1+ Mgsinw (t—x)] dx/ [ I (x) dx
0 0
~1+MrGsinwt—MgScoswt, (3)

where the integration variable has been changed
from ¢ to x = — ', the lower and upper integration
boundaries have been interchanged in the second
line, sinw(t—x) 1is replaced by sinwifcoswx
—coswisinwx, and G and S are introduced in the
third line. G and S are defined as the sine and
cosine transforms of 7 (¢),

G=ojol(z) coswtdt/?[(z) dr (4a)
0 0

S=Oj91(t) sinmdz/ojol(z) dr. (4b)
0 0

Equation (3) can be rewritten as
Flot) ~14+mMgsin{(wt—®) &)

where the phase @ and modulation m of F(w/) are
defined according to

@ = tan"! (S§/G) (6a)
m=(S?+GH"2. (6b)

So that
G=mcos® (7a)
S=msind. (7b)

The parallel (|) and perpendicular (L) com-
ponents of the emission response to a short excita-
tion flash are related to the total fluorescence inten-
sity, Ir(7), and the fluorescence anisotropy, r(?),
according to:

Iy =3Ir(6) [1+2r(n)] (8a)
1L =3Ir()[1-r (). (8b)

The transforms Gy, S|, Gy, S,. Gr and Sr can
be calculated following the rules of Eq.(4) from

Iy (2), I, (1) and Iy (¢) respectively. From these trans-
forms @, my, &, m,, &7 and my are derived using

Eq. (6).
Similarly, one defines

Gp= g 1 (0) = I (D] coswtdt/ g Uy (n—1.(H)]de

(9a)
Sp=[[Lj(t)—I. (D) sinwrde/{[I; () =1 (1] dz.
0 0 9b)

Gp is the cosine transform and Sp the sine trans-
form of the intensity difference ) (¢) — I, ().
Gp and Sp can be calculated from &y, &, my,
m and ry, the steady-state fluorescence anisotropy:
Gp=1[5(1+2r) mycos®—+(1—r) mycos®_ ]/r,
(10a)
Sp=0F(14+2r) mysin®)— (1~ r) mosind ]/r,.
(10b)
These equations follow from Eq. (9) by

9]
1. Elimination of the integrals | I, trgw ¢ dt (I, =1
0
or [, trg = sin or cos) using the definitions G; =
my COSCp”, GJ_ZMJ_COS¢_L, S” =m sin(b” and S_|_=
m, sin@, analogous to Eq. (4).

2. Substitution of

Ogoll ® dr/ogolT(t) di=5(1+2ry)
and

?IL(t) dt/o(f Ir(ydr=5(1—-r).

Analogously one calculates

Gr=3(1+2r)mjcos® +2(1—r)m cosd,
(11a)

Sr=51+2r)mysin®+2(1—r)m sind,.
(11b)



Equations (10) and (11) are very important in
the transform method. In the differential method
&r=tan”} (S¢/Gr) and mr= (S}+ GH'? are mea-
sured directly by setting the polarizer in the emis-
sion at the magic angle with respect to the vertical
(Fig. 2 and Table 1). In this way the emission is
proportional to the total intensity, /7. Instead of Gp
and Sp one measures in the differential approach

tan®, —tan P S_LGH—SHGL

tand = = 12
M T tand_ tand; G G.—S; S, (12

and the modulation ratio my/m,; (Weber 1978;
Lakowicz et al. 1985). Lakowicz et al. use unnormal-
ized expressions for the sine and cosine transforms
and, consequently, their modulation ratio I" differs
from my/m:

r=1+2rsﬂ
1—r, my
4 2r] SP+GE ]V
Si+Gi

(13)

a 1—r

In order to evaluate rotational and orientational
order parameters from dynamic depolarization mea-
surements in the frequency domain, a model for the
fluorescence decay and the anisotropy decay must
be used. A model of particular interest is the
hindered rotator model in combination with a single
exponential fluorescence decay. The fluorescence
decay with a single lifetime 7, in response to a very
short exciting flash of unit intensity is given by

I7(1) = (@/7) exp (— /1), (14)

where @ is the quantum yield of emission and ¢ is
the time after excitation. In the hindered rotator
model, the fluorescence anisotropy following a very
short exciting pulse at time =0, may be expressed
as

() = (ro—ry) eXp (—6R1) + 1y, (15)

where ry is the fundamental anisotropy in the ab-
sence of rotational diffusion and r, denotes the
limiting anisotropy reached at times much longer
than the apparent rotational correlation time (6 R)™!;
R is the apparent rotational diffusion rate (Weber
1977).

The relevant cosine and sine transforms can be
readily calculated from Eqgs. (4), (8), (9), (14) and
(15) by applying the integrals

oo}

gexp (—1/0) cosw:dt:T:r%g (16 a)
o 2
gexp (—t/0) sinwtdt=—1Tw—5707. (16b)
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The results for the combination of models in
Eqgs. (14) and (15) are:

Gr= 1+clozrz .
s, =‘17:%Tz‘7 (17b)
.32 -
Gp =[ ] _‘_l ey (;,0_(:1)23202(2 (r:f)rw)z]/rs(lga)
. —r —re)?
Sp= wr[ 1+’:;212 +(r0_(;,’i)2’_:ozugr;2 (,’,:o_) ,.Oo)zk ;s8 ,b)

where we have eliminated the factor 1+6R 7, ap-
pearing in (18), using the expression for the steady-
state anisotropy ry, leading to:

1+6Rr="= (19)

Fe—Tx

The corresponding formulas for tan4 and my/m
(or I') have been derived by Weber (1978) and
Lakowicz et al. (1985).

We will focus our attention on the combination
of models for I7(f) and r(¢) given in Egs. (14) and
(15), because it is both simple and sufficiently gen-
eral to compare the transform and differential meth-
ods. The decay behavior described by Egs. (14) and
(15) finds wide application in analyzing fluorophore
dynamics in lipid membranes (Lakowicz and Pren-
dergast 1978). Moreover, it should be noted that
Eq. (15) also approximates a model for anisotropic
rotation, in which »(f) has a slow and a fast de-
caying component (Chong etal. 1985). The equa-
tions for a more general multi-exponential decay are
presented in the appendix.

Comparison of the two methods

In order to compare the two methods, we introduce:
Gp=rGpand Sp=r,Sp.

The reason for this change is that the initial
value (at w=0) of Gp always equals unity, while the
value of Gp at w=0 becomes r-dependent. This
makes G5 more sensitive to changes in system-
parameters such as temperature, pH etc. Analogous-
ly, the sine transform S7 becomes more sensitive
than Sp. For instance, in the isotropic case, the
value of Sp and Gp at Wmax (= ro/(rs7), the circular
frequency where Sp or S} reaches its maximal
value) is always 0.5 while S3 and G} are again
r-dependent at @y

It is of interest to study simulations of G} and
S% (the transform method) in comparison with
tanA4 and I (the differential method) as a function
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Table 2. Definitions of properties of S and G# (Sine-Cosine Transform method) and of tan4 and M (differential method)

Transform method

Differential method

V, = maximal value of S3

f4 = frequency at which S§ exhibits a maximum
R, = range of G = G3 (0) — G£ (00)

ey, = frequency at which G} exhibits an inflection

Vp = maximal value of tan 4

Jp = frequency at which tan 4 exhibits a maximum
R, = range of M= M (o) — M (0)

ep = frequency at which M exhibits an inflection

of the modulation frequency. S7 is similar to tan4;
both are bell shaped functions of the logarithm of
the frequency. Both G} and the modulation ratio I
are monotonic functions of the frequency and ex-
hibit an inflection point at an intermediate fre-
quency. In comparing the two methods, it is con-
venient to plot M=r,(m;/m_) instead of I', because
M and G} have the same value at zero frequency:
M(0)= G} (0)=r,. Useful characteristic values of
S3., G%, tan4 and M are defined in Table 2.

In different cases, one method or the other may
prove preferable. The preference depends upon the
relative magnitudes of the characteristic values ¥,
with respect to Vp, f4 in comparison with fp, Ry
with respect to Rp and e4 in comparison to ep. We
consider the differential method preferable to the
transform method if:

Vp>V, and/or fp< f; and/or
Rp> Ry and/or ep<eéy. (20)

The transform method is considered better than
the differential method, if:

Vi>Vp and/or fy< fp and/or
R, >Ry and/or e4<ep. 20

These criteria should not be taken as absolute
rules, since the preference of one method over the
other depends also on the instrumental details. For
example, if VpaV,, Rpx Ry, epxeyq and fy is
located midway in the frequency range available,
while fp is far above the highest frequency of the
instrument, it is clear that the transform method is
preferable. However, if, in the same example, f; is
still smaller than fp, but both are much lower than
the highest frequency available, both methods will
be equally suitable to yield the information on the
rotational behavior studied. Nevertheless, the crite-
ria introduced above may be helpful in finding
general trends in the preference of one method over
the other, depending on the values of the parameters
measured.

The criteria have been worked out for the com-
bination of the hindered rotator model with the
mono-exponential decay model. ¥, and f; can be
calculated by differentiating Sp=r,Sp with respect
to the frequency. They must be calculated numeri-

cally, but upper and lower bounds can readily be
analytically evaluated. Vp and fp are derived simi-
larly from the corresponding expression of tan4
(Eq. (6) in Weber (1978)). The value for e4(ep) can
be calculated by differentiating G} (M; Lakowicz
etal. (1985)) twice with respect to the frequency
(GE=r;Gp in Eq. (18a)). Upper and lower bounds
for e4 are given below. The range of R, is equal to
that of G} at zero frequency minus G} at infinite
frequency, while the range of Ry is equal to that of
M at infinite frequency minus M at zero frequency.
The expressions for fy, fp, V4, Vb, €4, €p, R4 and
Rp read:

1 - - 1 rn—re

27z1=f'4=2nr Fo—Feo (22)

1 [ A+2r) (=) " ro—re

o 2nr[(1+2r0)(1—r0)} Fo— P 23)

%iwéVAéérs (24)
s [ +2m) Q=R |7

V=3 ")[(1+2rs)(1—rs)} (25)
I ol n-ry

2nr]/§ == 2nr]/§ Fe— Foo (26)
_ 1 (1=r) (ro—rw)

ér = 2751]/3 (1=rp) (r;—rw) 27

R,=r, (28)

Ry 3rs(rg—rs) 29)

T-ry) 1427

The lower bounds in the case of fy, ¥, and e,
correspond to the situation where r,, =X #; and the
upper bounds correspond to ro, X 0.

Using the expressions (22)—(29) and the criteria
(20) and (21), the region formed by all possible
(rs, 7o) combinations can be divided into sub-
regions, where one of the methods is preferable over
the other. The results are shown in Fig. 3.

The regions indicated in Fig. 3 have the follow-
ing meaning:

DD: The differential method is greatly preferable to
the transform method, because tan 4 is much larger
than S3: Vp> 8 V,, while f, and fp are of the same
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Fig. 3. Comparison of the differential method with the trans-
form method for the hindered rotator model with mono-
exponential fluorescence. In region D the differential method
is better, in DD it is much better, in A4 the transform method is
better, while in A4 this latter approach is strongly preferable.
DA and AD refer to cases of intermediate preference (see text)

order of magnitude, except near r,, =r;; Rp is larger
than R, (1.25R,< Rp<2R,), while ¢4 and ep are
of the same order except near rp, = ;.

D: The differential method is preferable, because
Vp>Vy 8V4>Vp>V,). Rp is about equal to R,
(1.25R4> Rp> 0.31 R,). The frequencies are of the
same order of magnitude (fy< fp<1.5f4, es<ep
<2 eA).

DA: Region where the preference is arbitrary.
8Vu>Vp>3Vy, fo>15f4, 1.25R4>Rp>0.71R,,
€D>4€A.

AD: Region where the preference is arbitrary.
VD> VA>O33 VD, fA<0-67fD, 3.2RD>RA>1.4RD,
e,<05ep.

A: The transform method is preferable, because
both V ;> Vp and R,;> 3.2 Rp. The frequencies are
of the same order of magnitude: fp> f,> 0.67 fp,
ep>es>05ep.

AA: The transform method 1s much more favorable,
because both V>V, and R;> 3.2Rp. Moreover,
f4 is lower than fp (f4<0.67fp) and e, is lower
than ep (e4< 0.5¢ep).

It should be noted that, in the calculation of the
boundaries in Fig. 3, the approximation ry= 0.4 has
been employed. For other values of ry, especially for
negative ry values, the boundary may deviate some-
what from the ones in Fig. 3. To illustrate the dif-
ference between the results of the two methods,
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Fig. 4a,b. Simulations of S, tand (a), G and M (b) as a
function of frequency for the case r () = 0.312 exp (—1/4.09)
(t in ns) and 7=4.8 ns, r,=0.144. This example belongs to
region D in Fig. 3. The M and tand curves correspond to real
data (Lakowicz et al. 1985) for perylene in propylene glycol at
—9°C (their Fig. 2)

simulations have been made of S, tan4, G} and M
as functions of frequency. Examples are shown in
Figs. 4 and 5 (isotropic case) and Figs. 6 and 7
(hindered rotation case).

So far we have restricted our attention to the
hindered rotator model. However, it should be
noted that this model is very similar to an aniso-
tropic rotator model with a slow and a fast decaying
component (Chong etal. 1985). Therefore, one
would expect that for anisotropic rotators, the trans-
form method is better, if the deviation from iso-



)

e
0 i L
! 3 5 18 30 lee 200
a FREQUENCY CMHz)
0.4
2.3 M
=<
~
N
\
\
9.2 .
\GD
\
\
A\
2.1
\
\
\
N\
2 v A
1 3 5 18 30 100 2008
b FREQUENCY CMHz)

Fig. 5a,b. Simulations of S}, tan4 (a), G§ and M (b) as a
function of frequency for the case r(f) = 0.375 exp (—1/11.2)
(¢ in ns) and 7= 3.7ns, r,= 0.282. This example refers to the
region 4 in Fig. 3. The M and tan 4 curves correspond to real
data (Lakowicz et al. 1985) for fluorescein in propylene glycol
at 15 °C (their Fig. 1)

tropic rotation behavior is pronounced and r,/r, is
large, whereas the differential method is expected to
be preferable, in the case that the rotational rates
are close to each other and r./rp, is small. As an
illustration of this trend, we have included a simula-
tion of a strongly anisotropic rotator (Fig. 8). Note
that fy;= e ~ 30 MHz, that is, much shorter and
therefore more easy to detect than fp and ep, which
are both larger than 200 MHz.
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b FREQUENCY CMHz)

Fig. 6a,b. Simulations of S#, tan4 (a), G} and M (b) as a
function of frequency for the case r(#) =0.286 exp (—1/1.5)
+0.094 (¢ in ns), t=7.8ns, »,=0.140. This example corre-
sponds to region DA in Fig. 3. The M and tand curves cor-
respond to real data (Lakowicz et al. 1985) for DPH in DMPC
vesicles at 39 °C (their Fig. 5)

Discussion

In this paper we have introduced a new method to
study free and hindered rotations using phase-
modulation fluorometry. In the usual method, the
differential method, the phase difference, @, — @y,
between the parallel and perpendicular component
and their modulation ratio are measured. Our ap-
proach is more analogous to studies of the fluores-
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Fig. 7a,b. Simulations of S}, tan4 (a), G} and M (b) as a
function of frequency for the case r(r) =0.07exp(—1/1.9)
+0.31 (¢ in ns), 7= 10.2ns, r,=0.321. This example corre-
sponds to A4 in Fig. 3. The M and tan 4 curves correspond to
real data (Lakowicz et al. 1985) for DPH in DMPC vesicles at
7°C (their Fig. 5)

cence anisotropy in the time domain, because in the
“Sine-Cosine Transform method” the phase and
modulation of the parallel and perpendicular com-
ponents of the modulated emission are measured.
From these phases and modulations, the sine and
cosine transform of the intensity difference, Iy —1,
is constructed. The two approaches have been com-
pared with special reference to the hindered rotator
model combined with a mono-exponential fluores-
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Fig. 8a,b. Simulations of S}, tan4 (a), G§ and M (b) as a
function of frequency for the case r(¢) = 0.158 exp (—1/0.20)
+0.072exp (—1/1.46) + 0.120exp (—¢/46.7) (¢ in ns) and
7=6.81ns, r,=0.122. This example is analogous to a point in
the A4 region in Fig. 3. The M and tan 4 curves correspond to
real data (Lakowicz et al. 1985) for perylene in DMPC at 5°C
(their Fig. 7)

cence decay (equations for more general models are
presented in the appendix). The conclusion is that
the differential method is preferable at relatively
low values of r,, the steady-state fluorescence anisot-
ropy, while the transform method is better at high
ry, especially if the rotational motion is strongly
hindered (high r,) or strongly anisotropic (see
Fig. 3). The trend is in agreement with Weber’s
finding that the unique maximal tanA-value that
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obtains for any isotropic rotator is reduced if the
rotations are anisotropic or hindered (Weber 1978).
Apart from theoretical considerations, it is also
necessary to consider certain practical aspects of the
different measurements. In the transform method
Dy, ®,, m and m, are measured with respect to a
scattering solution. Consequently, the phototubes
alternately observe light at different wavelengths, If
there should be an appreciable wavelength-depen-
dence of the time response of the phototubes, this
alternating observation of fluorescent and scattered
light may cause some systematic errors. In the dif-
ferential method, on the other hand, the photo-
multiplier tubes always observe light at the same
wavelength in measuring @,—®| and mj/m..
Therefore, the measurement will in no way be
affected by any such wavelength dependence of the
phototube response. To overcome this drawback of
the transform method, it is always possible to obtain
@) and @, from the measurement of the phase dif-
ferences @|— @r and @, — P respectively, after the
determination of @ with respect to a scatterer. In
this way @ and @, are obtained by a differential

method but the data-analysis can be carried out by
the transform method. The procedure indicated has
the additional advantage that the random errors in
@ and @, will decrease, so that the signal-to-noise
ratio of the measurable parameters in the transform
method is expected to become equivalent to that of
the differential method. Another possible source of
error is that the sensitivity of the emission detector
is slightly different for parallel polarized light and
perpendicular polarized light. This possible system-
atic error will affect the results in the differential
method, but not the results in the transform method.
Whether or not these possible systematic errors are
of importance, is not clear as yet and must be in-
vestigated experimentally. A detailed comparison of
the results of the two methods applied to a specific
test system, should be helpful in evaluating such
systematic errors.
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Appendix

In general, the total intensity /r(¢) and the fluorescence anisotropy (#) after a very short flash excitation can

be expressed as sums of exponentials:
N

Ir() =3, o exp (= 1/1)
i=1

M
r@m = Z} gjexp (=6 R;1),
=

(AD)

(A2)

where o, and g; are the pre-exponentials, with ) g, = ro, and 7, denote the lifetimes and R; the rotational rates.

I7(?) contains N and r(f) M exponential terms.

Using Eqgs. (16a), (16b), (4a) and (4b), the various sine and cosine transforms can be calculated:

H

Gr= [ It coswedt/| Ir(r)dt =Y {wt/(1+0* )Y o1,
0 0 i

I

Sr=> {not/(1+w0?*D}/D a1

[ee]

Gp= [ r(®) Ir() coswt dz/of r () Ir(f) dt
0

0

=2 2 {ongiu(1+6Rt)/(1+6R1)*+ 0 H)}/Y Y o,g;t(1+6 R, 7)™
[ i j

Sp=2 2 g,/ (1+6R 1)+ 0?1)}/Y. 3 a,g;7,(1+ 6 R, 7)™
i g g

re = > %g,t/(1+6R;T)
[

(A3a)

(A3b)

(Ada)
(Adb)

(Ado)
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Gy = Og(zr(z) +2I7(1) r(t)) cosw t dt/aj: (Ir())+21I7(t) (1)) dt

= {Z %7/(1+w? }/{Z a,r,+2ZZoc,gj(l+6Rjr,)‘l}
4 12 [

+2 {ZZoc,r;gj(l+6Rjr,~)/((1+6Rjz,)2+co2 73)} /{Z o, r,+22§:oc,<g,(l +6R, r,«)‘l}
[ 1 i

(ASa)

Sy = {Z a0t/ (1+ m%%)}/{Z T +2>, > g, (1+6R, f,)—l}
1 i i j

+2 {ZZa,gjcurﬁ/((l+6R, t,«)2+w2‘c%)}/{z T +2>> oz,gj(1+6R,r,.)-‘}
[ i i g

(A5b)

G, = T U7 ()= I (&) r (D) cosa)tdt/? Ir(t) = Ir(t) r(t)) d¢
0 0

= {Z 7./ (1+ w? T%)}/{Z ot~ 2 %g (1+6R, ri)’l}
! 3 [

— {2 Y g t(1+6R )/ (1+6R; 1) + ? rf)}/{z wt— 2 2 g (1+6R, r,.)*}
[ ! [

(A6a)

S, = {Z oc,-a)r%/(1+a)2‘c%)}/{z oc,r,——ZZoc,g](l—FéRjn)”l}
7 7 o5

—~ {Z > 0G0t/ (1 +6R;7)? + wzr%)V{Z %t =2, 2, %9, (1+6R 7))
[ ¢ LJ

tan (@, — PP =(S.G|— 5;G /(G .G—S.5)

my/my ={(SF+GH/(ST+GH}~.
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